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Anisotropy and the integral closure 

1. Abstract 

Let K he a number field and let A be an order in K. The trace map from K to 
Q induces a non-degenerate symmetric bilinear form { , ) : B x B ^ Q/Z where B 
is a certain finite abelian group of size A (A). In this article we discuss how one can 
obtain information about Ok by purely looking at this symmetric bilinear form. 
The concepts of anisotropy and quasi- anisotropy, as defined in another article by 
the author, turn out to be very useful. We will for example show that under certain 
assumptions one can obtain Ok directly from ( , ). 

In this article we will work in a more general setting than we have discussed 
above. We consider orders over Dedekind domains. 

2. Introduction 

We will discuss the relation between the new concepts of anisotropy and quasi- 
anisotropy as defined in and the integral closure of an order in its total quotient 
ring. These concepts show that in some cases one can find explicit formulas for the 
integral closure. 

All rings in this article are assumed to be commutative. 

We will first discuss some practical versions of the theorems which we will prove 
in this article. First let -B be a finite abelian group, with additive notation. Then 
we define the lower root of B as 

h(B) = Y^rB f] B[r], 

where B[r] — {b ^ B : rb = 0}. Let a be an algebraic integer and let K = Q(q;) 
and A — Z[a]. One has a trace map Tik/q ■ K ^ Q. Now define the trace dual of 
A as 

A"! = {xeK : Tr{xA) C Z}. 

It turns out that A^ contains A and that A^ /A is a finite abelian group. Let A = Ok 
be the integral closure of A in if . Our goal is to determine A. 

The starting point of the theory which we develop in this article, is the following 
theorem (see Section [T0| . 

Theorem 2.1. Let p e Z 6e prime and assume that p > [K : Q]. Then we have 
p I cx'p{A/A) if and only if p^ \ explA'' /A), where exp stands for the exponent of 
the corresponding group. 

Using this theorem one can prove that, under the assumption that a certain 
form is anisotropic or quasi- anisotropic. Ok corresponds to the lower root of A'' /A. 
For example, one has following theorem, which uses the concept of anisotropy (see 
Section Uni). 
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Theorem 2.2. Suppose that B ~ /A and that 2 | i^B. Suppose that B = 
Z/mZ X Z/m'Z, where m = Hp prime P"'^^ o*^^ similarly m' = Hp prime P"'*'^'' 
SMc/i that for all primes p we have n(p)n'{p) ^ or n(p) + n'(p) is odd. Then 
A/A = h{Al/A). 

Using quasi- anisotropy (and some other techniques) one finds a stronger version. 
In order to find the integral closure, it is enough to find the integral closure locally. 
We have the following theorem (see Section [T5|) . 

Theorem 2.3. Let m C A be a maximal ideal, let pX = mflZ. Define the numbers 
n{i) such that (A^/A) = ®i>i (Z/p*Z)"'*\ Suppose that the following conditions 
are satisfied. 

i- P > E,>i'^(«); 

ii. There exist ii,i2 G Z>i .such that 

• ii ^ 12 mod 2; 

• n{i) = for all i ^ {1, ii, 12}; 

• n(j) e {0, [A/m : Z/pZ]} for i G {ii, 12}. 
T/ien one has (A/A)^ = h ((At/A)^). 

In this article we will prove the results above in a more general case: we will 
work with orders over Dedekind domains. 

3. Tameness 

The concept of tameness will play an important role in later sections. In this 
section we fix a field k and let A be commutative finite fc-algebra. Recall that A 
is an artinian ring and has only finitely many maximal ideals ([1], Chapter 8). We 
have a natural trace map 

Tr^/fc ■■ A ^ k 

X I— > Tr(-x) 

where -x : A ~^ A Va the multiplication by x map and Tr(-a:) is the standard trace 
of an endomorphism on a vector space over k. 

Definition 3.1. Consider the symmetric fc-bilinear form 

( , ) : A X A k 

{x,y) ^ TYA/k{xy). 

The radical of this form, A^, is defined to be {x G A : Ti{xA) = 0}. We say that 
A is tame over k if A-^ is equal to the nilradical of A. If A is not tame, it is called 
wild. 

We say that A is finite etale if ( , ) is non-degenerate, that is, if the natural map 
A — Hom(j4, k) which maps a; G A to (a;, ) is an isomorphism of /c-modules. This 
is easily seen to be equivalent to saying that the discriminant A(A/fc) of A over k 
is nonzero. Another equivalent notion is that A is isomorphic to a finite product of 
finite separable field extensions of fc ([8], Theorem 2.7). 

Remark 3.2. In Definition 13. II it is always true that the nilradical is contained in 
the radical of ( , ) . 

Definition 3.3. A prime p C A is called wild if {A/p)/k is inseparable or char(fc) | 
lengthy (^p)- If P is not wild, it is called tame. 
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Proposition 3.4. The radical of the algebra A is equal to the intersection of all 
tame primes. The algebra A is tame if and only if all primes of A are tame. 
Furthermore, if A is wild, then dimfc(A) > dimk{A^) > char(fc) > 0. 

For the proof, we need the foUowing lemma. 

Lemma 3.5 (Trace formula). We have 

TrA/fc(a;) = ^ ep ■ Tr(^/p)/fc(x + p) 

peSpcc(A) 

where Cp = length^^ (^p)- 

Proof. First suppose that {A, p) is a local ring. Since A satisfies the descending and 
ascending chain conditions, there is a composition series A — Mq D Mi ^ . . . ^ 
M^ep = where the Mi are A-modules and Mi/Mi-i = A/p (see [1], Proposition 
6.8). As the trace is additive on exact sequences, we find 

TrA/fc(a;) = ^Tr(M,/Mi-i)/fc(2;)- 

1=1 

Since we have isomorphisms Mi/Mi^i = A/p, all the multiplication maps by x 
have the same trace. This shows that Tr^/fc(x) — Cp ■ Tr(^/p)/fc(x + p). 

Now we wiU do the general case. We know that A ^ npeSpcc(A) (^^^ 0' 
Exercise 10. 9f). As A/p = Ap/pAp by the natural map, we obtain 

TiA/kix) ^ ep •Tr(Ap/pAp)/fe(a; + pAp) ^ ep • Tr(A/p)/fe(x + p). 

peSpoc(A) pGSpcc(A) 

□ 

Proof of Proposition \3.4\ The first statement is obtained from Lemma 13.51 and 
Proposition 3.4 from [S'. For the second statement, use the Chinese remainder 
theorem to see that the nilradical, which is equal to the intersection of all prime 
ideals, is not equal to the intersection of a strict subset of the set of prime ideals. 
For the third statement, notice first of all that if char(fc) = 0, then A is tame. 
Suppose that p is a wild prime, then we have dimfe(A*^) > dimfc(Ap). We have 
dimfc(ylp) — ep ■ dimk{A/p). As p is wild, either Cp is divisible by char(fc) or A/p is 
an inseparable extension, with degree is divisible by char(fc). □ 

Lemma 3.6. Suppose that k C k' <Z A where k' is a field. If A is tame over k, 
then A is tame over k' . 

Proof. An element in the trace radical with respect to k' will be in the trace radical 
with respect to k, hence will be nilpotent by definition of tameness. □ 

4. Orders 

In this section let i? be a Dedekind domain. 

Theorem 4.1. Let M be a finitely generated R-module. Then the following state- 
ments are equivalent: 

i. M is torsion-free; 

ii. M is flat; 

iii. M is projective. 
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Proof, i <^=> ii: See [1], Exercise 9.5. 

i <^ iii: See |10], Theorem 7.2. □ 

Definition 4.2. Let T be a ring. Let S = {x £ T \ AnnT(x) = 0} C T be the set 
consisting of elements that are not a zero divisor. Then we define the total quotient 
ring of T as Q{T) = S'-^T. 

Theorem 4.3. Let T be a domain and let A be an T-algebra that is torsion-free 
as T -module and integral over T. Then A (Eit Q{T) — Q(^A). 

Proof. Assume that A 7^ 0. Then T = r- lCylasAis torsion-free. Now let S = 
T\ {0} be the set of nonzero divisors of T and let S' be the set of nonzero divisors of 
A. Then 5 C S" as A is torsion- free. We claim that S' is the saturation of S (see [I], 
Exercise 7). We have to show that for any x £ S', there exists y £ A with xy G S. 
Let X € S'. As A is integral over R, it follows that a;" -f r„_ia;"~^ -I- . . . -I- rg = for 
some ri g T. Assume that this relation is of minimal degree. We have tq 7^ as a; 
is not a zero divisor. But this means that x{x"^^ + r„_ix"^^ + . . . + ri) = — G 
r\ {0} = S. Hence S-^A = S'-^A and we find (using ^1], Proposition 3.5) 

A (E)T Q{T) ^A®T S-^T = S'^A = S'-^A = Q{A). 

□ 

Definition 4.4. Let i? be a Dedekind domain. Let A be an i?-algebra. Then A 
is called an order over i? if A is finitely generated torsion-free as an i?-module and 
Q{A) — A ®ii Q{R) is a finite etale algebra over Q{R). 

Definition 4.5. Let i? be a Dedekind domain and let A over R. Let M C Q{A) 
be a finitely generated _R-module. Then we define the trace dual of M to be the 
i?-module 

Aft = {x e Q{A) : TrQ(^)/Q(;j)(xAf) C R}. 

Definition 4.6. Let A be a ring. Then we define the integral closure of A in Q{A) 
as 

A = {a e Q{A) : there is a monic / e A[x] : f{a) = 0}. 

Lemma 4.7. Let R be a Dedekind domain and let A ^ Q be an order over R. Then 
the following all hold: 

i. R (- A is integral and A is the integral closure of R inside Q{A); 

ii. every order B C Q{A) satisfies Tr Q(^jiyQ(^ji'f{B) C R; 

iii. A CACA'<; 

IV. is a finitely generated R-module and A'^ /A is torsion as an R-module; 

V. A is the unique maximal element (under inclusion) of the set of orders 
BCQiA). 

Proof, i. We have R C A as A is torsion- free. As A is finitely generated over 
R, we can apply Proposition 5.1 from [T] to see that R C A is integral. The second 
statement follows from [1], Corollary 5.4. 

ii. After enlarging B if necessary, we may assume that B (g) Q{R) = Q{A). In 
this case the restriction of Ttqi^a) /Q{R) to B is equal to the natural trace map to R 
on Homij(B, R)(S)rB'^ Endi?(B) (see [8], 4.8). 

iii, iv. First notice that we have a map — > Hom/j(j4, i?), that maps x to (y 1— 
TrQ(A)/Q(_R) [xy)), and this map is injective as Q{A) is an etale Q(i?)-algebra. Notice 
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that Honii{(yl, R) is a noetherian i?-niodulc, as R is noetherian and Homi^ (A, R) is 
a finitely generated i?-niodule. Hence A'' is finitely generated over R. Let x E A. 
Then A[x] is an order, hence 

TrQ(yi)/Q(i?)(A[2;]) C R 

and a: <E A'''. As Q{A)/A is torsion we obtain iii and iv. 

V. As all orders are integral over R, they are contained in the integral closure of 
R in Q{A), which is just A. As A C A'' by ii, it follows that A is finitely generated 
and torsion-free. Also Q{A) — Q{A) and hence A is an order as well. 

□ 

Definition 4.8. Let i? be a Dedekind domain and let AD R be an order over R. 
Let p C i? be a nonzero prime. Then A is said to be tame at p if A/pA is tame as 
an i?/p-algebra. If A is not tame at p, it is called wild at p. 

Example 4.9. Let K D Q he a. number field. Let p G Zhe prime. Then according 
to the usual definition of tameness, p is called tame if p | e{p/p) for all p € Spec(C'K) 
with p n Z = (p). Here e(p/p) is defined by pOk = np6Spec(o,-):pnz=(p) P'^'^^^^- 
We then find by the Chinese remainder theorem 

Ok/pOk = n Ok/p'^'/"^. 

pGSpcc(OK):pnZ=(p) 

From this last expression we deduce that ep/po^, — e{p/p). As Fp is a perfect field, 
we see that the two definitions of tameness are the same in this case. 

5. Orders and localization 

In many of the coming theorems, it is useful to focus on only one prime p d R. 
This is why we use the notion of localization. We have the following lemma, which 
summarizes the situation. The proof of this lemma follows easily from the properties 
of localization (see [Tj). 

Lemma 5.1. The following assertions all hold. 

i. Ap is an order over Rp ; 

ii. Q{Ap) = Q{A); 

in. (At)p = (Ap)'' and (A^A)^ 9i (Ap)''' /Ap as Rp-modules; 
iv. Ap — Ap and (^A/A)^ = Ap/Ap as Rp-modules; 
V. A is tame at p if and only if Ap is tame at pRp . 

Lemma 5.2. We have A/ A = 0peMaxSpoc(j?,) (^Mp) • 

Proof. The assumptions of Theorem 2.13 of [2] are satisfied as A/ A has finite length 
by Lemma HTTl iv. Hence A/A = 0pgMaxSpec(i?) (^M)p- use Lemma [5H □ 

The strength of the previous lemma is that it suffices to find the integral closure 
locally, and glue those local parts together to get the global integral closure. 

Assume in the rest of the article that R is local with maximal ideal p, that is, 
J? is a discrete valuation ring with maximal ideal p = (tt), unless stated otherwise 
explicitly. 
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6. Orders and completion 

Some proofs become a lot clearer if our order A is also local. This is one of 
the reasons why we use completions. Later we will see another reason for using 
completions. Recall that R is assumed to be a discrete valuation ring with maximal 
ideal p and that A is an order over R. Let R be the completion of R with respect 
to its unique maximal ideal (see [1], Chapter 10). Then i? is a complete discrete 
valuation ring with maximal ideal pi?. We have the following lemma, which shows 
that completion behaves nicely with respect to the integral closure, trace duals and 
other things. The proof is routine and left to the reader. The reader who wants to 
see the proofs can look at [5]. 

Lemma 6.1. The following statements hold. 



1. 



The natural map Q{R)/R — >■ Q(R)/R is an isomorphism. 



ii. A R is an order over R; 

iii. A(g}ii R = A(g}i iR; 

iv. A/ A ^ A R/A R as R-modules by the natural map; 

v. A^f <g)iiR= (^A<g)RRj . 

vi. A^ /A = (^A ®ji Ftj /A R as R-modules by the natural map; 

/ii. We have the following commutative diagram where the vertical maps are 
the natural maps and the horizontal maps look like ix,y) ^ l^v{;xy) for the 
trace map on Q[A®iiR) respectively Q{A): 



(^A^pRj 



^ /A(g)nRx (^A®RRy /A(SrR >Q{R)/R 



Af I A X At I A y Q{R)/R. 

viii. The order A is tame at p if and only if A ®ji R is tame at pR. 

The reason to use this completion is the following theorem. 

Theorem 6.2. Let A be an order over a complete discrete valuation ring R. Then 
the order A has only finitely many maximal ideals and the localization Am at a 
maximal ideal m <Z R is a local order over R, which is complete with respect to its 
maximal ideal. Furthermore we have an isomorphism A = IlmeMaxspecCA) o,s 
rings by the natural map. 

Proof. Corollary 7.6 from [2] tells us that there are only finitely maximal ideals 
and the localization Am at a maximal ideal m C i? is a complete local ring which 
is finite over R, and A = nmGMaxspec(yi) As A is projective over R and direct 
summands of projective modules are projective, it follows that the Am. are also 
projective over R. Now notice that A ®r Q{R) = IlmeMaxspocCyi) (^m «)_r Q{R)) 

AiQiA)/QiR)) = n AiQiAm)/QiR)). 

mGMaxspcc(yl) 

As A{Q{A)/Q{R}) ^ 0, it follows that A{Q{Am)/QiR)) ^ 0, which shows that 
these Am are orders over R. □ 
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Lemma 6.3. Let A Q A' be an order over a complete discrete valuation ring R 
with the same total quotient ring. Let m <Z A he maximal. Then A'^ is an order 
over R and Am ^ A'^ C Q{Am). Furthermore, we have A'^ ~ rimOmA' ^m' '^"■'^ 

4' = n 4' 

1 lm6Maxspoc(A) ■ 

Proof. Notice that A'm — A' (g)^ Am is stih a finite i?-algebra as A' (8)_r Am is. 
One apphes Corollary 7.6 from [2] to see that A'^ = rimOmA'^m'' ^ 
A'^, are orders by Theorem 16. 2[ it follows that A'm is an order. Now notice that 

Am<^A'm = A'(g)AAm Q Q(A)®A^m = Q^R) (E> R A(g)A Am = Q{R)(g)Am = Q{Am) 

as required. The last statement follows from theorem 16.21 

A'= n ^-'= n 

m'GMaxspcc(A') TnGMaxspcc(A) 

□ 



7. Going local directly 
In this section let (i?, p) be a discrete valuation ring and let A be an order over 

R. 

Lemma 7.1. We have A <S)b, R = rimDpA o,nd the Am are local orders over R 
which are complete with respect to its maximal ideal. 

Proof. As A/pA is an artinian ring, we can write pA D IlmDpA some fixed s 

(see [T], Chapter 8). But then we have by the Chinese remainer theorem 

A(g)RR = limA/pM = lim Y[ A/m"' ^ ]J limA/m' 

' ' mDpA mDpA ' 

= n limvlm/mMn, = Yl Am. 

mDpA » mDpA 

Hence by Theorem 16.21 we see that Am is a local order over R which is complete 
with respect to its maximal ideals. □ 

Lemma 7.2. Let m be a maximal ideal of A. Then (^A^A)^ ^ AtiVAti as 
modules. 

Proof. As A^ /A is a module of finite length over R, it is a module of finite length 
over A. By Theorem 2.13 from [2] we have A^A - e„,eMaxSpcc(i?) (^V^)„,- By 

By Lemma |6JJ and Lemma [TTJ we have that A'^ /A = ®ingMaxSpcc(fl) 

Am /Am. We 

have to show that both decomposition coincide. But Am'' /Am is a module over Am 
and hence the decompositions must coincide. □ 



8. Local orders 

Recall that R is assumed to be local with maximal ideal p. As we have seen in 
the two previous sections, by completing one obtains local orders. So let A be a 
local order over R with maximal ideal m. 

Lemma 8.1. The ring m : m = {a; e Q{A) : xm C m} is an order over R and 
A C m : m C A. 
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Proof. Let a; e m : m. Since R is noetherian, m is a finitely generated i?-module. 
As A is torsion-free, m is a faithful i?-module. Now apply Proposition 5.1 iii from 
[I] to see that x is integral over A. Hence m : m C A. We see that m : m is finitely 
generated as an _R-niodule and still torsion-free, as it is contained in Q{A). As 
Q(m : m) — Q{A), it follows that m : m is an order over R. □ 

The following theorem gives some equivalent criteria for testing if A — A. 

Theorem 8.2. The the following statements are equivalent. 

i. A = A; 

ii. A — m: m; 

iii. m{A : m) — A; 

iv. m : m ^ A : m; 

v. m is principal; 

vi. A is a discrete valuation ring. 

Proof. We first make a few remarks. Recall that A/ A is a. finitely generated torsion 
J(!-module (Lemma l4.7p . Let r £ Z>o such that p^A C A. As A/pA is an artinian 
ring, it follows that m" C pA for some n £ Z>o. Hence there exists s £ Z>i such 
that m^A C A. 

Now we will prove that A : m D A. Suppose that A : m ~ A. Pick n £ Z>i 
minimal such that m" C pA. But then m"~-^ C pA : m = p{A : m) = pA (as p is a 
principal ideal), a contradiction. 

i ii: This follows from Lemma ISTTl 

n ui: We have m C m{A : m) C A. Suppose that m{A : m) ^ A, then m{A : 
m) = m. Using this and the second remark, we conclude that m : m = A : m ^ A, 
a contradiction. 

iii iv: Notice that m : m C A : m. We have m{A : m) = A iff m{A : m) 7^ m 

iS A : m D m : m. 

iii v: From {A : m)m = A we see that we can write 1 = X^I'ii ^iVi where 

Xi £ A : m and yi £ m. Pick i such that Xii/i £ A*. We claim that m = {yi). Indeed 
for a; e m we find 

XXi , , 

X ^Vt e (y^). 

V => vi: We know that m is principal and that A is local noetherian and has 
dimension 1 (as it is integral over it!). This makes A into a regular local ring. By 
Corollary 10.14 from |2] it follows that A is a domain. Now apply Proposition 9.2 
from [T] to see that A is a discrete valuation ring. 

vi => i: Again apply Proposition 9.2 from 1 to see that A is integrally 
closed. □ 

Theorem 8.3. Assume that A is tame at p. Then pA'' A if and only if A~ A. 
If Ac 'A, we have (m : m)/m = A/m ® ((m : m) n pA^) /m. 

Proof. As taking traces behaves well with respect to tensoring, we obtain the fol- 
lowing commutative diagram 

Q{A) i A > A/pA 

Q{R) < R > R/p. 
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Consider the symmetric bilinear form on A/pA x A/pA — > R/p obtained from 
Tr^/pyi/jj/p. By tameness the radical of this form is m/pA. Hence we obtain a 
non-degenerate form A/m x A/m ^ R/p. As this trace form is induced by the 
trace form TrQ(-^)/Q(-/j-) and p is principal, we see that 

pA^nA^ {px : TrQ(^)/Q(«)(xA) C R} n A = {y £ A : TTQ(^A)/Q{R){yA) C p} = m. 

=> : Suppose that A is not integrally closed and let T = m : m. By Theorem 
18.21 we have T D A and T is an order in Q{A) by Lemma 18.11 Hence T comes 
with a trace form, which is induced from TrQ(yi)/Q(^) . Notice that m C T is 
an ideal. Let p : i? — ^ R/p be the reduction. Then for x G m we have p o 
TrQ(A)/Q(_R)(a;T) = 0. Now let ip : T/m x T/m — > R/p be the map defined by 
(t + m,<' + m) i-> p o Ti-Q(A)/Q(R){tt'). Let : A/m x A/m — > i?/p be the map 
defined by (a + m,a' + m) i— > p o TrQ(^)/Q(fl)(aa'). Then we have the following 
commutative diagram: 

T/m X T/m > R/p 

ixi id 

A/m X A/m > R/p. 

We know that A/m C T/m is non-degenerate. If denote by ^ the orthogonal 
complement, then by Proposition 1.7 from [3] we have 

T/m = A/m _L (A/m)^ 

= A/m _L (T n pA^) /m, 

which proves the last statement. As T/m 13 A/m, it follows that (T n pA^) /m 7^ 0. 
Suppose that pA^ C A, then we have 

(TnpAl")/m= (Tn AnpA^)/m= (A n pAt)/m = m/m = 0, 

a contradiction. 

<^=: By Theorem 18.21 we see that A is a discrete valuation ring. First notice 
that pAt C Q(A) is an A-module. Now suppose that pA''' ^ A, then A C pA'f (here 
we use that A is a discrete valuation ring). Hence we have A C pA''' n A = m, a 
contradiction. □ 



Example 8.4. Let R — Z and let A be an order over Z which is tame at the prime 
p. Then the statement says that A is integrally closed at p if and only if the finite 
group A'l' /A has no element of order p'^ . 

We have the following corollary. 

Corollary 8.5. Assume that A is tame at p. Let B = A^/A. Then we have 

(m:m)/A = (pi?)[m]. 

// we have A ^ A, then we have 

(m : m)/A = {pB)[m] = B[m], 
where for any A-module A' we set A'[m] = {x G A' : ma; ~ 0}. 
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Proof. We will first prove the statement ii A = A. Then m : m ~ A (Theorem I8.2p 
and pB = (Theorem 18. 3p . The statement in this case now follows directly. 

Now suppose that A A. From Theorem 18.21 it follows that A : m = m : m. 
As m : m C A C it follows that (m : m)/A = {A : m)/A = B[m\. Now we 
obviously have (p-B)[m] C B[m]. From Theorem 18.31 it follows that (m : m)/m = 
A/m+ ((m : m) n pA^^ /m. If we now take the quotient by A/m we obtain 

(m ■.m)/A= (A + (m : m) n pA^) /A. 
This shows that (m : m)/yl C (pi3)[m] and this finishes our proof. □ 

9. The connection between anisotropy and the integral closure 

In this section let i? be a discrete valuation ring with maximal ideal p and let A 
be an order over R. If / is a nonzero ideal of R, then one easily finds / R R/ 1. 

Liemma 9.1. Let I = AmiRiAyA). Then we have the following non-degenerate 
symmetric R/I-bilinear form: 

{ ,) : A'f/Ax A^/A r^/R 

{x + A,y + A) i-^ TrQ(A)/Q(R){xy) + R. 

Proof. One easily sees that this map is well-defined. We will give a sketch of the 
rest of the proof, see [5] Lemma 4.1.3 for the details. As Q{A) is a finite etale Q{R)- 
algebra, it follows that the natural map A"^ — >■ Homfl(yl, R) is an isomorphism. One 
can use this to show that A = A'^'^ . The non-degeneracy then follows from this and 
the fact that length;^ (A'f /A) = lengthy (Hom^ (At /A, I^^/R)). □ 

Lemma 9.2. Let the notation he as in Lemma \9. li Suppose that A is tame at p. 
Then C = A/ A C /A satisfies pC^ C C C . 

Proof. A simple calculation shows that — jA. As A C by Lemma [4.71 
we have C C . The tameness assumption on A implies by Theorem 18.31 that 
p^ C 'A and hence that p (i?//) jA C A/A and hence p {Rjl) <ZC. □ 

Notice that R/ 1 from the previous lemma is an artinian principal ideal ring. 
This lemma forms the connection between the integral closure and anisotropy. We 
recall some definitions from [6] first. Let (i?',m) be an artinian local principal ideal 
ring and let n be its length. Let M be a finitely generated i?'-module. Let N be 
an i?'-module such that N R' and let ( , ) : M x M — ^ be a non-degenerate 
symmetric i?'-bilinear form. The radical root of (ill, ( , )) is now defined as 

rr(M) = Pi i, 

LCM: mL^CLCL-L 

where all L are i?'-modules. We define the lower root of M as follows: 

n 

h(A/) = ^ {m^M n M[m'=]) , 

A;=0 

where M[m'^] = {a; G M : m''"a; — 0}. The form ( , ) is called anisotropic if the lower 
root of M is the unique submodule L of M satisfying mL"'" C L C . We remark 
that in [6] it is shown how to calculate lr(M) and check if a form is anisotropic. In 
[6] a formula is given for rr(M) if char(i?/m) ^ 2. We have the following lemma. 
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Lemma 9.3. Assume that { , ) : M x M ^ N is non- degenerate. The following 
statements hold. 

i. Suppose that M is cyclic. Then ( , ) is anisotropic. 

ii. Suppose that M is generated by two elements and length^/ (M) is odd. Then 
( , ) is anisotropic. 

Proof. See [6] Remark 5.3. □ 

We can now give the connection between anisotropy and the integral closure. 

Theorem 9.4. Suppose that A is tame at p. Let B ^ A^A and let I — Ann]i{A^ / A) 
Consider the form ( , ) from Lemma \9.1\ Let I? C he such that D/A = ri{B). 
Let A[D] be the smallest ring inside Q{A) containing A and D. Then the following 
statements hold. 

i. We have tt{B) = D/A C A[D]/A C A/A. 

ii. Suppose that ( , ) is anisotropic. Then A/ A — lr(_B). 

iii. Suppose that rr(_B) satisfies p (R/L) ■ ii{B)'^ C rr(_B). Assume that A[D] is 
tame at p. Then A/ A = v4[D]/v4. 

Proof, i. We have rr(i?) = D/A C A/ A by Lemma [921 As A is a ring, it follows 
that A[D] C A. 

ii. We directly obtain the result by definition of anisotropy and Lemma [9.21 

iii. We know that A[D]/A C A/A by i. Notice that 

rr(B) C A[D]/A C {A[D]/A)^ C rr(B)^. 

Hence p C A[D]/A. As A[D] is an order which is tame at p and 

{A[D]/A)^ = A[D]yA, we can apply Theorem [53] to see that A/ A ^ A[D]/A. □ 

Later, in Theorem 112.41 we will see that under certain hypotheses we have the 
surprising equality A[D] — D. 

10. A SUFFICIENT CONDITION FOR TAMENESS 

In this section we will prove a condition which implies tameness and is easy to 
check. Recall that i? is a discrete valuation ring with prime p — (tt) and A is an 
order over R. 

Theorem 10.1. Let B = A^ / A. Let A' be an R-order with AC A' CA. Then A' 
is tame atp if for all maximal ideals m d A we have dim^j/p (i?,T,/p_Bm) < char(i?/p) 
or char(i?/p) ~ 0. Furthermore, the dimensions of B/pB and the trace radical of 
A/pA over R/p are equal. 

Proof. After tcnsoring with i?p, we may assume that i? is a complete discrete val- 
uation ring and that A = HmeMaxspeciA) and A' = IlmeMaxspccCA) (Lemma 
Let B' = A'^A' and let m' £ Maxspec(A') lying above m = A n m'. By 
Lemma [72] we have = A^/A^ and B'^, = A'l,/A'^, C A'^/A'^ (Lemma [13]). 
We have a natural injective map 

Al/A'^ ^ AlJA'^ - (At,Mm) / (A'JA^) , 

which shows that B'^, is a quotient of a submodule of Bm and this shows that 
dim/j/p(i?,'!|^,/pi3,^,) < dimji/p{Bm/pBm). Hence we can assume that A = A'. 
If char(i?/p) = 0, then A/pA will be automatically tame. 



12 



Assume that char(i?/p) 7^ 0. Assume that A/pA is wild. We have that 
A/pA = {A/pA\^ = AJpA^ 

mDpA mDpA 

(exactness of locahzation and Theorem 2.13 from [5]). It follows that there is a 
prime m such that Aj^/pAj^i is wild. By Lemma 17.21 we may assume that A is 
local. Let C = A/pA, which we assume to be wild over R/p. Then it follows that 
dim;j/p(C-'-) > char(i?/p) (Proposition [331). For x e A we have x + pA G iff 
TTQ^A)/QiR){xA) C (tt) iff TrQ(^)/Q(^)(f A) C AiS ^ e AUS X e ttA^ = pAl 
Hence 

= (pAt n A) ipA. 

We have 

(pAt n A) /pA = (vrAt n A) /vrA 

(At n TT-^A) /A 

= B\p\. 

Finally consider the following exact sequence: 

> B{p\ > B — ^ B > B/pB > 0. 

The length as i?-module is an additive function ([1], Proposition 6.9). Hence 
lengthj^(_B[p]) = lengthj^(_B/pi?), and both lengths are their dimensions over R/p. 
So if A is wild at p we have 

dimji/^{B/pB) = dim^/p(B[p]) 

= dimfl/p(C^) 

> char(i?/p), 

and this concludes the proof. □ 

Remark 10.2. As B/pB = ©„opA (^/P^)m = ^rnDpA^m/pB^, the condition 
in the above theorem is satisfied if dimflyp(_B/pi?) < char(_R/p) 

We can finally prove Theorem 12.11 from the introduction. 

Proof of Theorem \2.1\ Use Lemma 15.21 to reduce to the case where we work over 
the localization of Z at p. Now use Theorem 18.31 in combination with Theorem 
110.11 Here we remark that for B = A^A we have dim2;/pz(^/?'^^) — [^"^ • Q]- I— ' 

Theorem 10.3. Let B = A^/A and suppose that 2 ^ char(i?/p). Suppose that one 
of the following conditions is satisfied: 

i. B is cyclic as an R-module; 

ii. B is generated as an R-module by two elements and lengthy (_B) is odd. 
Then^/A = \T{AyA). 

Proof. Theorem llO.il shows that we are in a tame case. Now combine Lemma 1^751 
and Theorem [mi □ 

One can show that case i in the above lemma can never happen if char(i?/p) ~ 2 
(see [5] Lemma 5.4.2). 

We can now also prove Theorem 12.21 
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Proof of Theorem \2.2i Use Lemma [521 to reduce to the local case. Now use Theo- 
rem [103] to finish the proof. □ 

Example 10.4. Theorem [O is false if 2|#G. Let A = Z[V^]. Then we have 
AyA = Z/2Z X Z/2 • 5Z, but A = Z[ii^] D A. 



11. Galois orders 

In this section let i? be a Dedekind domain (not necessarily a discrete valuation 
ring) and let A be an order over R. We will present another condition for tameness 
in the case that a group G acts in a nice way on A (as will be explained later). 

Definition 11.1. Let be a nonzero if-algebra where K is a. field and let G be 
a group acting on A through if -automorphisms. Then S is called a finite Galois 
algebra over if if 5 is a finite etale if-algebra, ffG — diniK{S) and — K. 

Remark 11.2. There are many other equivalent definitions of finite Galois alge- 
bras. One of the statements is that 5* is a Galois algebra with group G if and only 
if S is isomorphic as a X-algebra with G-action to ^fMap(G,L) where L/K is a 
Galois extension with group H together with an embedding H ^ G. 

Remark 11.3. Let S" be a finite Galois algebra over K with group G. Let K ^ K' 
be a morphism of fields. Then S (S)k K' is still a finite Galois algebra over K' with 
group G. 

Definition 11.4. Let G be a finite group acting on A by i?-algebra automorphisms. 
Then G acts naturally on Q{A) = A (^r Q{R) by (5(i?)-algebra automorphisms. 
We call A a Galois order over R with group G if Q{A) together with G is a finite 
Galois algebra over Q{R). Remark that in such a case we have A*^ = Q{A)^ nA = 
Q{R) r]A = R. 

Example 11.5. Let K he a number field which is Galois over Q with group G. 
Then any order A stable under G is a Galois order with group {g\A ■ 9 G G}. 

For a prime q C A lying over p C i? 

Definition 11.6. Let q C A be a prime lying over p C i?. We define define the 
decomposition group of q over p to be Gq/p = {g G G : g(q) = q}. Consider the 
natural map Lp : Gq/p — > Ant]i/p{A/q). Then we define the inertia group of q over 
p to be /q/p ^ ker(^) C Gq/p. 

Lemma 11.7. Let B be a commutative ring and G C Aut(i?) a finite group. If 
: B ^ k are ring momorphisms to a domain k that coincide on B'^ , then 
(p ~ tj} o g for some g Cz G. 

Proof. See Lemma 15.1 for an elegant proof. □ 

Lemma 11.8. Let A be a Galois order with group G over R. Let p d R be prime 
and let q d A be a prime lying above R. Then the following statements hold: 

i. The group G acts transitively on the set of primes of A lying above p . 

ii. The map (p : Gq/p — >■ Aut^/p(yl/q) is surjective. 

iii. The extension A/q over R/p is normal. 
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Proof. For the first two parts we give a sketch since this is well-known. 

i. For two primes qi, q2 C A above p we consider two maps A —i' A/qi Q{R/p) 
(algebraic closure of Q{R/p)) and apply Lemma [11.71 

f 

ii. For the second part, we consider maps A — A/q — )■ A/q where / G 
Autfi/p{A/q). Apply Lemma [11.71 to see that there is an element g € G that 
maps to /. 

iii. Take a e A/q where a e A. Then ngfEG("'^ ~ di"')) = Uged^ ~ f (")) ^ 

which follows from the fact that AP = i? as A is a Galois algebra. □ 

The concepts defined above behave well under localization and completion. 

Lemma 11.9. Suppose that A is a Galois order over R with group G. Let p d R 
be prime and let q d A be a prime lying over p. Then the following statements 
hold. 

i. Ap = A Rp is a Galois order over Rp with group G. 

ii. A <SiR Rp is a Galois order over Rp with group G. 

iii. We have G^/p = G^A^/pRf and /qAp/pj?,p = Iq/p- 

iv. Write A(E)rRp = UmDpA An- Then Gq/p ^ G^^j^^^^ and /q/p = I^AjpR, ■ 
V. Aq is a Galois order with group Gq/p over Rp . 

Proof, i. This is obvious since we still have the same total quotient ring. 

ii. Notice that 

Q{A <E)rR) ^ A(g)RR(g)j^Q{R) = A (g)R Q{R) = {A (g)R Q{R)) ^q^r) Q{R). 

Now use the fact that Galois algebras behave well with respect to base change 
(Remark dOl) 

iii. One can easily check this. 

iv. Use the proof of Lemma 17.11 to see that the elements of Gq/p correspond 
exactly to the elements which map Aq to itself. We have ^q/q^q = A/q and the 
natural map Gq^- — > Aut(ylq/qAq) still has kernel /q/p. 

V. First of all, we have seen that Aq is an order (Lemma 17. ip . Using the 
decomposition A ®r, Rp = A^. and the fact that G acts transitively on the set 
of primes (see Lemma [11.8t ). we see that #Gq/p = dim^^^- ^(Q(74q)) as required. 

Suppose that a e Aq is fixed by all elements of Gq/p. For m e Maxspec(A) let 
(7rn € G be an element such that g^ maps Aq to A^. We pick gq = id S G. Then 
consider (3m(a))m € Hm ^™ ~ ^ ®^ ^P- claim that this element is fixed by G. 
Indeed, if g € G maps m to m', then g^}ggm G Gq/p and hence g^}ggmia) ~ a and 
<?5m(a) = 5m' (a) as required. As A (^r Rp is a Galois order over i?p, we conclude 
that a e i?p as required. Hence the statement follows. □ 

Theorem 11.10. Let A be a Galois order over R with group G. Let q be a prime 
of A and let p = qf] R. Then A is tame at p if and only if char(i?/p) \ #/q/p ■ 

Proof. As G acts transitively on the primes lying above R (Lemma Ill.Sp , A is 
tame at p iff A/q is a tame i?/p-algebra. By Lemma 111.81 it follows that the 
map Gq/p//q/p — > K\iiR/p{A/ q) is surjective. This lemma also gives us that the 
extension A/q is normal over R/p and hence that #Gq/p//q/p = #Autfl;/p(A/q) = 
[A/q : i?/p]s, the separability degree of the extension. Let i be the inseparability 
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degree of this extension. Notice that we have dimQ(j^) ((5(A)) = dinifl/p(A/pyl). 
Indeed, both are equal to ranki^^ {A Rp). Then we have 

#G = dimQ(fl,)(Q(A)) =dini^/p(A/pA) 

q'Dp 

= #G/G,/p •dini^/p((A/pA),) (LemmalUHD 
= #G/G^/p ■ dinifl/p(A/q) • length(^/p^)_^ {(A/pA)^) 
= #G/G^/p ■ i ■ [A/v : R/p], ■ e,/p 
= #G/G£|/p • i • #Gc|/p//£|/p • e^i/p. 

Hence i^It\/p = i ■ ^q/p- As i is always a power of char(i?/p), the definition 
of tameness of A at q is equivalent to saying that char(i?/p) | i ■ e^/p, that is, 
char(i?/p)t#/c/p. ' □ 

12. QUASI-ANISOTROPY AND THE INTEGRAL CLOSURE 

First we will recall the definition of quasi-anistropy from [B] . Let M be a finitely 
generated module over an artinian local principal ideal ring (J?',p'). Let N be an 
i?'-module such that N =ii> R' and let ( , ) : M x M N he & non-degenerate 
symmetric i?'-bilinear form. Then ( , ) is called quasi-anisotropic if for all R'- 
submodules L C lr(M) we have lr(L^/L) = lr(M)/L. In this case we have rr(M) = 
lr(M) (see [5], Lemma 10.8). In |5] some other equivalent definitions of quasi- 
anisotropy are given which are more practical. The following lemma gives the 
connection between quasi-anisotropy and anisotropy (see |6], Theorem 9.4). 

Lemma 12.1. Let { , ) : M x M N be a non- degenerate symmetric R' -bilinear 
form. Then { , ) is quasi-anisotropic if and only if the induced form {,)''■ M/M[p']x 
M/M[p'] N/N[p'] is anisotropic. 

We also have the following lemma (Lemma 9.5 from [6]). 

Lemma 12.2. Let { , ) : M x M ^ N be a non- degenerate symmetric R' -bilinear 
form which is quasi-anisotropic. Let L C Ir(Af). Then L C and the induced 
form {,)''■ L^ / L x L^ / L N is also quasi-anisotropic. 

For any ring B we define the Jacobson radical Xb to be the intersection of all 
maximal ideals of B. 

Lemma 12.3. Let R be a complete discrete valuation ring and let A be an order 
over R. Then va ' xa is an order and A is integrally closed iff va ■ xa — A. 

Proof Write A^JJ^A m as in Theorem l6.21 where the A^ are local with maximal 
ideal Tn^m- Now from Lemma [8.11 we know that xa ■ ''^A — Jim (^^m : tnAm) is 
an order. We know that A — rim^m, and hence A is integrally closed iff all Am 
are integrally closed. Here one uses that total quotient ring is just the product of 
the total corresonding total quotient rings. By Theorem 18.21 we know that Am is 
integrally closed iff mAm ■ mAm = Am- Hence we see that A is integrally closed iff 

A^XA-.XA- □ 

We have the following theorem. The hard part is to prove that a certain module 
is in fact already a ring. 
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Theorem 12.4. Let A be an order over a discrete valuation ring (i?, p). Let L C 
Amiji{A^ /A) be a nonzero ideal of R. Let Aq — A (g)/? R and Ai^i — '■ ^Ai for 
i > 0. Suppose that the Ai are tame at pR. Let B = A^ / A and let { , ) : B x B 
I~^/R be the induced form (Lemma \9.1]) . Suppose that { , ) is quasi- anisotropic. 
Then A/ A = \i{B). 

Proof. Assume that R is complete (Lemma 16. II) . We will give a proof by induction 
on s = length;j(lr(B)). If s = then pB ^ and by Theorem lOl we find 'A/A = 
A/A = h(-B). Now continue by induction and assume that s > 1. We know that 
lv{B) = tt{B) C a/ a C Ay a fTheorem [Ol and the quasi-anisotropy). As s > 1, 
this implies that A C A. Now consider the order A' — xa ■ ''^a- This order A' 
satisfies A C. A' C- A (- A^ (Lemma 112. 3|) . By using Corollary 18.51 and Theorem 
[Owe have A' /A C pB n B[p] C lr(i?) (by definition of the lower root). Now use 
Lemma \TT^ to see that (A'"' /A) / {A' /A) = A'^ /A' is still quasi- anisotropic. We 
have by the definition of quasi- anistropy that lr((A'V^) / {A' /A)) = \t{B)/ {A' /A), 
which has smaller length than h{B) (as A C A'). By our induction hypothesis we 
have 

\r{B)/ {A' /A) = h((A'V^) / {A' /A)) ^ h(A'V^') 
= W/A' = A/ A' ^ (A/ A) / {A' /A) . 

As our maps are natural, this gives lr(i?) = A/A and hence we are done. 

In the proof we used tameness for A (which is one of the Ai) and the Ai. □ 

We now want some condition guaranteeing this tameness. 

Lemma 12.5. Let A be an order over a discrete valuation ring {R,p). Let B — 
Ay A. Let Ao ~ A R and Ai+i = vai ■ ^Ai for i > 0. Then the orders Ai are 
tame at pR if one of the following conditions is satisfied. 

i. For every m d A maximal we have dmifi/p{Bm/pBm) < char(i?/p); 

ii. We have dimj^/p{B /pB) < char(i?/p),- 

iii. A is a Galois order over R with group G and for some prime m <Z A we 
have char(i?/p) \ #/m/p; 

iv. A is a Galois order over R with group G and char(i?/p) \ ^G. 

Proof i. We know that B^ = A^ /A^ by Lemma [Q We have A^jiR = Hm^m 
(Lemma 17. ip . By Theorem 110.11 we know that all orders between A^n and A^ are 
tame at pi?. Hence all orders between A (S)r R and A R are tame fLemma l6.3p . 

ii. This condition implies the first condition. 

iii. If the assumption holds for a single m, it holds for all primes above p, since 
the inertia groups are conjugate. 

By Lemma Til. 91 we know that A igj/j J? is a Galois order over R with group G, 
and its inertia groups are the L^/p where tn ranges over the primes of A lying above 
p. We now claim that the Ai are Galois orders with group G over R. Indeed, as 
they have the same quotient field as Ag, we just need to check that G acts on them. 
By induction, it is enough to check it for Ai. First notice that r^o is stable under 
G. Let X G Ai and g G G. Then we have 

g{x)tAo = gixVAo) C g{VAo) = rAo- 

So g{x) G Ai and we are done. 
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We can write A R — Yim ^"^^ elements of G fixing the prime corre- 
sponding to Am are exactly those who fix A^- But then it follows that the inertia 
groups of the Ai are subgroups of the Im/p. Hence char(_R/p) doesn't divide the 
order of any inertia group occurring. By Theorem 1 1 1 . 1 01 we see that all Ai are tame 
at p-R as required. 

iv. As Im/p ^ ^q/p ^ G as subgroups, we have ^Im/p\i^G and the result follows 
from iii. □ 



13. Examples 

Example 13.1. Let / = a;'*-20x3-20a;2 + 17x + 2 e Z[x] and let A = Z[x]/{f{x)). 
Then for the discriminant we have A(/) = 7*-13-11897 and A^A = Z/7Zx Z/(73- 
13 • 11897)Z. There is only one prime p which might satisfy p\[A : A], namely 7. 
By Theorem 18.31 we have that 7|[^ : A]. By Lemma ri2.1l and Lemma 1931 we see 
that the form corresponding to the prime 7 is quasi-anisotropic. By Theorem 112.41 
we have 

A/ A = h(yl^ /A) ^ (^A + 

Example 13.2. Let f = - 625x^ - 125x'^ - 15625x - 15625 e Z[x] and let 
A = Z[x]/{f{x)). Then A(/) = 5^° • 13 • 457 • 8111. In this case Ay A ^ Z/5^Z x 
Z/5^Z X Z/5^'^- 13-457-8111Z. A calculation, which uses the algorithmic description 
of anisotropy from [6], shows that the form at the prime 5 is anisotropic. Now use 
Theorem 19.41 to get 

A ^ hMt /A) = Z+( -^a^ + —a] Z + —o?Z + —o^Z. 
' > ^ 25 J 125 625 

Remark 13.3. The examples above come from algebraic number theory. One can 
also make examples using for example function fields. 

14. A BETTER BASE RING 

In many cases we can't use Theorem 110.11 and in many other situations we have 
the problem that vector spaces of high dimensions with an inner product are often 
isotropic. In practice the modules will have a large length as an i?-module and this 
is caused by the fact that A^A is an ^-module, not only an i?-module. 

In this section let {R,p) be a complete discrete valuation ring and let {A,m) be 
a local order over R. We will find a nice ring between R and A that can be used 
instead of R. 

Lemma 14.1. There is a unique R-suhalgebra of A, say T , such that the map 
if : T A/m has kernel pT and image {A/m)s, the separable closure of R/p inside 
A/m. This ring T has the following additional properties: 

i. T is free over R of rank equal to [A/m : R/p\s, the separability degree of 
A/m over R/p; 

ii. T is a complete discrete valuation ring with maximal ideal pT; 

iii. Q{T) is finite etale over Q{R); 

iv. A is an order over T. 




Proof. We will first construct T. It follows from Theorem 16.21 that A is complete 
with respect to m. 
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Now pick a £ A such that {A/xn)s = {R/p)[a]. Let / e R[x] be monic of degree 
[A/m : R/p]s with f{a) ~ 0. By construction we have f{a) e m and f'{a) e A* 
(by the separabihty) . As A is complete with respect to m, we can apply Hensel's 
Lemma ([2], Theorem 7.3) to find a unique (3 G a + m such that f{f3) = 0. Now 
let T — R[(3]. By construction the image under ip is {A/m)s- As m n i? = p 
([T], Corollary 5.8) it follows that pT C ker(iy9). Now consider the surjcctive map 
Ip : T/pT {A/m)s. As the dimensions satisfy dimji/p{T/pT) < [A/m : R/p]s, the 
map is injective as well. 

Now we will prove the four properties for any T' satisfying the definition in the 
lemma. 

i. Notice that i? is a principal ideal domain and as A is torsion free over R, A is 
free over R. By assumption T'/pT' = (yl/m)s, and hence T' is free over R of rank 
[A/m : R/p]s. 

ii. As T'/pT' = {A/m)s, a field, it follows that pT is a maximal and principal 
ideal. Theorem 7.2 from _2 says that T' is complete with respect to pT' and hence 
local. As T is a regular local ring, it is a domain by Corollary 10.14 from [2]. 
As the maximal ideal is principal, it is a complete discrete valuation ring by [I], 
Proposition 9.2. 

iii. and iv. We know that Q{A) is finite etale over Q{R). It follows that Q{A) 
is a finite product of finite separable field extensions over Q{R). By exactness of 
localization and Theorem 14^ we have the inclusions 



Q{R) = R^R Q{R) c Q(r') =T'<S)R Q{R) c Q{A) = A^n Q{R)- 

We see that Q{T') is a separable field extension oi Q{R). This shows that Q{T') is 
finite etale over Q{R) and that A is an order over T' . 

We will now prove that T is unique. Suppose we have another T' which satisfies 
the defining properties. Consider the map ip' :T' ^ {A/m)s which has kernel pT' . 
By completeness of T' at pT' it follows that there is a unique a' E Lp'^^{a) C a + m 
satisfying /(a') = 0. By uniqueness of a it follows that a — a' £ T' . Hence T' C T. 
Now apply Lemma 7.4 from [4 Chapter II to see that T' — T. 

□ 

Let T be as in the above lemma. We will now prove some more properties. 
We let A^^ respectively A\, be the trace duals with respect to R respectively T. 
Similarly, tJj is the trace dual of T with respect to R. 
Lemma 14.2. The following properties hold. 
i. We have A{T/R) e R* ; 
u. Tl = T; 
in. 4 = A^,. 

Proof, i. We have the following commutative diagram: 

T > T/pT 

R >R/p. 

By definition of T the extension T/pT D R/p is separable, hence has nonzero 
discriminant. Since the discriminant behaves well with respect to tensoring, this 
shows that A{T/R) e R*. 
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ii. If ei,...,e„ is a basis of T over i?, then it follows that {TT:x/ji[eiej)ij) is 
invertible over R and it follows directly that tI^^T. 

iii. We find using ii for x e Q{A): 

X e ^'Cq(a)/q(r:){xA)CR 

TrQ(T)/Q(fl) {T:rQ^A)/Q{T){xA)) C i? 
TrQ(T)/Q(fl) (T • Tr(5(^)/(5(T)(a;y4)) C i? 
TrQ(A)/Q(T) (a:A) '^tI = T 

□ 

We directly see that for a T-module Af of finite length we have 

CO 

h(M) = ^(p'^MnM^]) 

oo 

= ^(p''TA/nM[pT]). 

1=0 

This means that the lower root with respect to R is the same as with respect to T 
for such a module. 

Lemma 14.3. Let Ti C_ T2 be a local rings with maximal ideal mi respectively 
m2 such that 1x12 H Ti = m-i. Suppose that [T2/m2 : Ti/rrii] < 00. Let M be an 
T2-module of finite length. Then M has finite length over Ti and we have 

lengthy^ (Af) = [T2/m2 : Ti/mi] • lengthj.^ (Af ). 
Proof. This follows from the fact that lengthy^ (^2/11^2) = [^2/1112 : Ti/mi]. □ 
For a T- module Af of finite length we find lengthy (Af) — lengthy (Af) • [A/m : 

RMs- 

Then we have the following commutative diagram, where stands for the re- 
duction module A, T or R: 



AyA X AyA ^' ' > Q{T)/T 



-^'^Q(T)/Q(R) (*) 

Q{R)/R 



where ip{x,y) ^ TrQ(^)/Q(j^) (xy). 

Example 14.4. Let f{x) = + 25x^ + 92x'^ + 89x + 34 e Zalx]. Let A = 
Ti^la] where a is a zero of /. Then A is an order as / is irreducible over Z and 
A = Z[x]/{f{x)) (E)z Z3. The ring A has just one prime ideal above 3, namely 
(3,a^ + 2a + 2), with residue field Fg. As there is a unique unramified extension 
of Z3 of degree 2, we know that Zs[i] C A and this is a better ring to work over. 
We have over Z3 that AyA = (Z3/3^Z3) (actually, the form is anisotropic, but 
one needs a calculation to see this). Over Z3[z] we find AyA = Z3[i]/3^Z3[i] and 
by Lemma 19.31 and Theorem 19.41 we know that the integral closure is given by the 
lower root. 
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15. Using the better base ring 

Let A be an order over a discrete valuation ring {R, p). Let C be any ^-module 
that has finite length as an i?-module. Then it has finite length as ^-module ([2], 
Theorem 2.13). By Theorem 2.13 from [? we have C ®meMaxSpcc(A) ^® 
will now focus on such a factor Cm as i?-module, which still has finite length over 
R and Am- We have 

i>i 

We claim that [A/m : R/\)] divides n{i,m). To see this notice that 

But the left hand side is an A-module, so by Lemma ri4.3l we know that [A/m : R/p] 
divides n{i, m). 

We can apply the above to A'' /A and A/ A. We can finally prove a local version 
of Theorem 12.31 from the introduction. 

Theorem 15.1. Let {R,p) be a discrete valuation ring and let A be an order over 
R. Let m be a maximal ideal of A and let B = (^V^)^ =-R ©oil-^/P*)"^''""^- 
Suppose that the following conditions are satisfied: 

i. char(A/m) = or char(yl/m) > dimflyp(_B/pi?) — X)i>i "^)/ 

ii. There exist ii,i2 G Z>i such that 

• ii ^ 12 mod 2; 

• n{i, m) = for all i ^ {1, ii, 12}; 

• n{i,m) e {0, [A/m : R/p]} for i e {11,12}- 

Then we have (A/A)^ = h ((At/A)^) 

Proof. The idea of the proof is to complete and then work over the better base ring 
from the previous section. Lemma 1 7. II and Lemma 17.21 allow us to assume that A is 
a local order with maximal ideal m over a complete discrete valuation ring. In this 
case we can use our better base ring T as in Lemma 114.11 If all n{i,m) are zero, 
then the conclusion of the theorem is correct. Otherwise it follows from assumption 
i that char(A/m) = or char(A/m) > [A/m : R/p] = d. Both of these assumptions 
imply that A/m 3 R/p is separable. Now let A' be any T-order between A and A. 
Notice that Q{T) is a finite etale Q(i?)-algebra fLemma ll4.ip . and hence it directly 
follows that A' is an order over R. Theorem 110.11 and condition i imply that A' is 
tame at p. As R/p C T/pT C A'/pA' = A'/pTA\ it follows by Lemma [3161 that A' 
is tame at pT. 

The result now follows directly from Theorem 112.41 if we can show that the in- 
duced form is quasi-anisotropic. We know that {{p'~^TB) [pT] + p'TB) /p'TB 

(i?/p)"'^^''^). Using Lemma [T4?3l and the separability of A/m D R/p it follows that 
B =T (r/pr)"(i''")/'' ® (r/pny)n(»i,m)/<i ^ ^y/p»22^)n(»2,m)/d_ condition 

ii, Lemma ll2.1l Lemma 19.31 to see that our form is indeed quasi-anisotropic. □ 
We can now prove the last theorem of the introduction. 



Proof of Theorem \2.3[ Reduce to the local case by Lemma 15.21 and use Theorem 

nm □ 



21 



16. Acknowledgements 

I would like to thank Professor Hendrik Lenstra for essentially coming up with 
all the new theory and for helping me to write this article. Without his help this 
article wouldn't be possible. 

References 

[1] M. F Atiyah, I.G. MacDonald, Introduction to Commutative Algebra, Addison- Wesley Pub- 
lishing Company, 1969 

[2] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Springer, 
1995 

[3] R. Elman, N. Karpenko, A. Merkurjev, The Algebraic and Geometric Theory of Quadratic 

Forms, American Mathematical Society, 2008 
[4] R. Hartshorne, Algebraic Geometry, Springer, 1977 

[5] M. Kosters, Anisotropic modules and the integral closure, Universiteit Leiden, 2010, 

|http: //www. math. leidenuniv . nl/scripties/KostersMaster .pdf 
[6] M. Kosters, Anisotropic modules over artinian principal ideal rings, arXiv:1109.6483vl 
[math. AC] 

[7] S. Lang, Algebra, Revised third edition. Springer- Verlag, 2002 

[8] H. Lenstra, Galois theory for Schemes, 2008, http: //websites .math. leldenunlv.nl/algeb ra/GSchemes .pdf | 
[9] D. Lorenzini, An Invitation to Arithmetic Geometry, American Mathematical Society, 1996 
[10] J. P. May, Notes on Dedekind Rings, http://www.math.uchicago.edu/-may/MISC/Dedekind7pdf] 
[11] P. Stevenhagen, The Arithmetic of Number Rings, pp. 209-266 in Algorithmic Number 
Theory, edited by J. P. Buhler, P. Stevenhagen, Cambridge University Press, 2008 



